We give simple proofs for the recurrence relations of some sequences of binomial sums which have previously been obtained by other more complicated methods.
Introduction
Modifying an idea of BRIETZKE [2] we give simple proofs for the recurrence relations of sequences of binomial sums of the form aðn; m; k; zÞ ¼ X
which have been obtained by other methods in [3] .
In order to motivate the method we consider first the well-known special case aðn; 5; k; À1Þ ¼ X We use the fact that tðn; kÞ ¼ Àtðn À 1; k À 1Þ À tðn À 1; k þ 1Þ with tð0; 0Þ ¼ 1; tð0; 1Þ ¼ À1 and tð0; kÞ ¼ 0 for all other k 2 Z.
Define the operator K by Kf ðn; kÞ ¼ f ðn; k À 1Þ and the operator N by Nf ðn; kÞ ¼ f ðn þ 1; kÞ. Then tðnÞ ¼ Ntðn À 1Þ ¼ ÀðK þ K À1 Þtðn À 1Þ ¼ ðÀ1Þ n ðK þ K À1 Þ n tð0Þ:
Let sðn; kÞ on NÂZ be the function which satisfies the same recurrence with initial values sð0; kÞ ¼ ½k ¼ 0: Then we have tð0Þ ¼ ð1 À KÞsð0Þ: Since K is a linear operator we also have tðnÞ ¼ ð1 À KÞsðnÞ: Let F be the vector space of all functions on NÂZ which are finite linear combinations of functions K j s, j 2 Z. For f 2 F we have Nf ¼ ÀðK þ K À1 Þf : Let T be the linear operator on F defined by
Since aðn; 5; k; À1Þ ¼ ðÀ1Þ
is a finite sum for each k, the sequence ðaðn; 5; k; À1ÞÞ satisfies the recurrence aðn þ 2; 5; k; À1Þ À aðn þ 1; 5; k; À1Þ À aðn; 5; k; À1Þ ¼ 0 for n ! 0: For k 3; 8ðmod 10Þ we get að0; 5; kÞ ¼ að1; 5; kÞ ¼ 0 and therefore aðn; 5; kÞ ¼ 0: Furthermore aðn; 5; k þ 5Þ ¼ Àaðn; 5; kÞ:
It is interesting to observe that this result has first been proved by SCHUR [6] in a strengthened version: Let
be a q-binomial coefficient. Then the following polynomial version of the celebrated Rogers-Ramanujan identity 
An elementary proof of this q-identity may be found in [5] .
A Useful Method
After this example let us consider a more general case. 
This can be written in the form 
It is immediately verified that (4) is true for m ¼ 0 and
If (4) has already been shown for m À 1 and m À 2 we get p m ðN; a; bÞ ¼ ðN À bÞp mÀ1 ðN; a; bÞ À a 2 p mÀ2 ðN; a; bÞ
for each k 2 Z.
Application. As an application we consider for each m 2 N the sequence
As shown above we have t ¼ ð1 À KÞs À1;0 : Therefore by (5) Now we look for an explicit expression for p n ðx; À1; 0Þ: We know that it satisfies the recurrence p n ðx; À1; 0Þ ¼ xp nÀ1 ðx; À1; 0Þ À p nÀ2 ðx; À1; 0Þ
with initial values p 0 ðx; À1; 0Þ ¼ 1 and
Recall that the Fibonacci polynomials The first values of the polynomials p n ðx; À1; 0Þ are
This gives
satisfies the recurrence relation of order m ðF mþ1 ðN; À1Þ À F m ðN; À1ÞÞaðn; 2m þ 1; k; À1Þ ¼ 0 ð8Þ
Remark. This theorem has been proved in [3] with a more complicated method. The recurrence (8) is not for all k the minimal recurrence, because e.g. aðn; 2m þ 1; m þ 1; À1Þ 0: But it is so for aðn; 2m þ 1; 0; À1Þ, which has a simple combinatorial interpretation. It is the number of the set of all lattice paths in R 2 which start at the origin, consist of b n 2 c northeast steps ð1; 1Þ and b nþ1 2 c southeast steps ð1; À1Þ and which are contained in the strip Àm À 1<y<m (cf. e.g. [4] , [5] ).
It is easy to see that the initial values of aðn; 2m þ 1; 0; À1Þ are að j; 2m þ 1; 0; À1Þ ¼
As a special case of Theorem 1 we mention that aðn; 3; 0; À1Þ ¼ 1: This means
The generating function of the sequence ðaðn; 2m þ 1; 0; À1ÞÞ n!0 has the form X 
A Modification of the Above Method
In order to obtain an analogous result for the sequences aðn; 2m; k; À1Þ we define a sequence of polynomials 
Application. As an application let
Then uðn; kÞ ¼ uðn À 1; k À 1Þ þ uðn À 1; k þ 1Þ and uð0; kÞ ¼ ½k 2 f0; 1g: Therefore uðn; kÞ ¼ s 1;0 ðn; kÞ þ s 1;0 ðn; k À 1Þ or u ¼ ð1 þ KÞs 1;0 :
We have aðn;2m;k;À1Þ ¼ X 
are characterized by the recurrence 
Remark. It should be noted that aðn; 2m; 0; À1Þ has the following combinatorial interpretation. It is the number of the set of all lattice paths in R 2 which start at the origin, consist of b 
and c m ðxÞ is a polynomial of degree less than m.
The first values of ðc m ðxÞÞ m!1 are
This implies as above that
Corollary 2. For m ! 2 the generating function for aðn; 2m; 0; À1Þ is given by X n!0 aðn; 2m; 0;
Further Applications
4a) The same method can be applied to the general sum aðn; m; k; zÞ ¼ X
Here we get
In this case we have
This implies L m ðN;À1Það0;m;k;zÞ ¼ X
Thus we get 
Remark. In the same way we get X
For z ¼ À1 the right-hand side vanishes and therefore we get again aðn; 2m þ 1; m þ 1; À1Þ ¼ 0:
4b) For the special case z ¼ 1 also simpler recurrences can be found. It is easy to verify that
Remarks 
From this we conclude as above 
4c) It is again easy to verify that
Therefore we get have common divisors which can be cancelled.
This can be verified by using the following identities, which are easily deduced from the representations (6) and (13) 
